Introduction
A knot is an embedding of a circle S 1 in a 3-manifold M , usually taken to be R 3 or S 3 . In the 1920's Alexander and Briggs [2, §4] and Reidemeister [23] observed that questions about ambient isotopy of polygonal knots in R 3 can be reduced to combinatorial questions about knot diagrams. These are labeled planar graphs with overcrossings and undercrossings marked, representing a projection of the knot onto a plane. They showed that any ambient isotopy of a polygonal knot can be achieved by a finite sequence of piecewise-linear moves which slide the knot across a single triangle, which are called elementary moves (or ∆-moves). They also showed that two knots were ambient isotopic if and only if their knot diagrams were equivalent under a finite sequence of local combinatorial changes, now called Reidemeister moves; see §7.
A triangle in M defines a trivial knot, and a loop in the plane with no crossings is said to be a trivial knot diagram. A knot diagram D is unknotted if it is equivalent to a trivial knot diagram under Reidemeister moves.
We measure the complexity of a knot diagram D by using its crossing number, the number of vertices in the planar graph D; see §7. A problem of long standing is to determine an upper bound for the number of Reidemeister moves needed to transform an unknotted knot diagram D to the trivial knot diagram, as an explicit function of the crossing number n; see Welsh [30, p. 95] . This paper obtains such a bound. Theorem 1.1. There is a positive constant c 1 , such that for each n ≥ 1, any unknotted knot diagram D with n crossings can be transformed to the trivial knot diagram using at most 2 c1n Reidemeister moves.
We obtain the explicit value of 10 11 for c 1 ; this value can clearly be improved. The methods used in this paper do not lead to a small constant, so we chose a simplified exposition at the cost of obtaining a larger constant. It is not known how much larger the number of crossings needs to be for a general n-crossing knot, but Theorem 1.1 implies the following upper bound.
Corollary 1.1. Any unknotted knot diagram D with n crossings can be transformed by Reidemeister moves to a trivial knot diagram through a sequence of knot diagrams each of which has at most 2 c1n crossings.
This holds because each Reidemeister move creates or destroys at most two crossings, and all crossings must be eliminated by the final Reidemeister move. It seems plausible that for each knot diagram representing the unknot there exists some sequence of Reidemeister moves taking it to the trivial knot diagram which keeps the crossing number of all intermediate knot diagrams bounded by a polynomial in n, but this remains open.
In a general triangulated 3-manifold, a trivial knot is a triangle lying inside one tetrahedron and an elementary move takes place entirely within a single tetrahedron of the triangulation. The proof of Theorem 1.1 is based on a general result that bounds the number of elementary moves needed to transform a closed polygonal curve K embedded in the 1-skeleton of a triangulated P L 3-manifold M to a trivial knot.
Theorem 1.2. There is a constant c 2 such that for each t ≥ 1, any compact, orientable, P L 3-manifold with boundary (M, ∂M ) triangulated by t tetrahedra has the following property: If K is an unknot embedded in the 1-skeleton of int(M ),
then K can be isotoped to the trivial knot using at most 2 c2t elementary moves.
We obtain the explicit value c 2 = 10 7 . The hypothesis that K lies in the interior of M can be weakened to require only that K lies in M , as we indicate in §6.
The methods we use are based on the normal surface theory of Kneser [20] and Haken [10] . Haken applied this theory to obtain an algorithm to decide if a knot is trivial. See [11] for a survey of algorithms to recognize unknotting, and [5] and [4] for an alternate approach based on braids. A bound on the number of Reidemeister moves between a knot diagram and the unknot gives an algorithm to check unknottedness, based on checking the results of the finite number of possible configurations generated by at most this number of Reidemeister moves, and checking to see if any of them has no crossings. This is not a recommended approach, even if the bound on the number of Reidemeister moves were to be substantially improved. However it points to a close connection between the two questions.
The paper is organized as follows. In §2 we define elementary moves and outline the proof of Theorem 1.2. In §3, §4 and §5 we bound the number of elementary moves needed to isotop a curve in three distinct settings. First we consider an isotopy of a curve to a point across a compressing disk in a 3-manifold, secondly we consider an isotopy through a solid torus from a core to a longitude, and finally we consider an isotopy across a surface between two isotopic curves. In §6 we tie these results together to complete the proof of Theorem 1.2. We then consider the more special case of knots in R 3 . In §7 we outline the proof of Theorem 1.1 and begin it by relating elementary moves to Reidemeister moves. In §8 we start with a knot diagram and show how to construct a triangulation of a convex polyhedron of R 3 containing the corresponding knot in its 1-skeleton. This allows us to apply Theorem 1.2. In §9 we complete the proof of Theorem 1.1.
After completing this paper we learned that S. Galatolo has obtained results for the case of knots in R 3 of a similar nature to those stated in Theorem 1.1 and Corollary 1.1, and at about the same time. An announcement of his results appears in [8] . Galatolo's constructions are also based on an analysis of normal surfaces. The bound on the number of elementary moves announced in [8] is O(2 cn 4 ).
Elementary moves in a 3-manifold
In this section we define elementary moves for knots and links. Elementary moves are well defined in arbitrary triangulated P L 3-manifolds. In section 7 we will discuss Reidemeister moves, which are associated to knots and links in R 3 , and relate these two concepts for manifolds P L-embedded in R 3 . A (piecewise-linear, unoriented) knot K in a triangulated P L manifold M is a closed embedded polygonal curve. An (unoriented) link L is a finite union of non-intersecting knots in M . Let |L| denote the number of vertices of L.
An elementary move (or ∆-move) on a knot or link consists of one of the following operations (see Burde and Zieschang [6, p. 4] , Murasugi [21, p. 7] ). (See Figure 2. ) Each of these operations is required to take place in a single tetrahedron of M .
(1) Split an edge into two edges by adding a new vertex to its interior.
(1 ) [Reverse of (1)] Combine two edges whose union is a line segment, erasing their common vertex.
(2) Given a line segment AB of L that contains a single interior vertex D and a point C not in L such that the triangle ABC intersects L only in the edge AB, erase edge AB and add two new edges AC and BC and a new vertex C. Corresponding to elementary moves of type (2), (2 ) is the piecewise-linear operation of linearly pulling the edges of a link across a triangle ABC. To define this operation, an extra vertex D on the segment AB must be specified; this is the role of elementary moves (1) and (1 ) .
Two knots K 1 and K 2 are equivalent if one can be reached from the other by a finite sequence of elementary moves. This gives the same equivalence classes as requiring K 1 and K 2 to be ambient isotopic in M [25] . The unknot is the class of knots equivalent to a triangle contained in a tetrahedron, and a knot K is unknotted if it is equivalent to the unknot. Equivalently, an unknot is the boundary of a P L embedded disk in M [25] . We will work with knots embedded in the interior of M . This is not a significant restriction, since it is possible to perturb any knot which meets ∂M into the interior of M , after some simplicial subdivision.
We conclude this section by outlining the proof of Theorem 1.2. We first construct a compact triangulated P L submanifold M K by removing a regular neighborhood R K of K. This gives a new triangulated manifold M K = M − R K whose boundary consists of the original boundary ∂M plus a 2-torus ∂R K , called the peripheral torus.
If K is unknotted, then M K contains an essential normal disk S. Essential means that ∂S ⊆ ∂R K is not the boundary of any disk in the torus ∂R K . Drawing on Haken's normal surface theory, a result of Hass, Lagarias and Pippenger [12] implies that S can be chosen to contain at most 2 8t+6 triangles. We present this argument for completeness in §3. Its boundary ∂S is a curve K 2 . K 2 is isotopic to K withinR K . There is a sequence of at most 2 8t+7 elementary moves which deform K 2 to a triangle across triangles in S. This is carried out in §3. It remains to relate K 2 to K by elementary moves.
In §3 we construct a curve K 1 isotopic to K in R K which is a longitude, a curve on the peripheral torus, ∂R K , which bounds an embedded disk in M K but not inside the peripheral torus. Such curves exist if K is unknotted in M . In §4 we construct a longitude K 2 that lies in the 1-skeleton of the peripheral 2-torus ∂R K , consists of at most O(2 c3t ) edges and can be isotoped to K using at most O(2 c3t ) elementary moves. In §5 we prove results which are used to show that there is a sequence of at most O(2 c4t ) elementary moves which deform K 1 to K 2 while remaining entirely in the peripheral 2-torus ∂R K . In §6 we combine these results to complete the proof of Theorem 1.2. All the constants and bounds above are explicitly computed.
The proof of Theorem 1.2 in effect deforms the original knot K to a trivial knot with elementary moves made inside three surfaces: an annulus is used to go from K to the longitude K 1 , a 2-torus is used to go from K 1 to the boundary of a normal disk K 2 , and a disk is used to go from K 2 to the trivial knot.
Normal surfaces and elementary moves across an essential disk
In this section we assume given a compact P L 3-manifold with (possibly empty) boundary (M, ∂M ), which is triangulated using t tetrahedra. We will work with a knot K embedded in the 1-skeleton of int(M ). By barycentrically subdividing M twice, we obtain a manifold (M , ∂M ) in which K has a regular neighborhood R K . The regular neighborhood, obtained by taking the closed star of K in M , is a solid torus with
together with a marking of ∂R K , a truncated knot complement for K. The marking serves to distinguish the peripheral torus from other boundary components of M K , if any.
A meridian on the peripheral torus ∂R K is an oriented simple closed curve µ whose homology class [µ] in H 1 (∂R K , Z) generates the kernel of the map
where j : ∂R K → R K is the inclusion map. Equivalently, it is a simple closed curve which bounds a disk in R K but not in ∂R K .
A longitude on the peripheral torus ∂R K is an oriented simple closed curve λ which intersects a meridian transversely at a single point and whose homology class [λ] in H 1 (∂R K , Z) generates the kernel of the map
where i : ∂R K → M K is the inclusion map, provided that this kernel is non-trivial. Note that the kernel is always infinite cyclic or trivial [6] .
If the core K of the solid torus R K is unknotted in M , then a longitude exists, and it bounds a disk in M K . For general K, a longitude does not exist when K represents an element of infinite order in 
A properly embedded disk in a 3-manifold with boundary (M, ∂M ) is a disk S, P L-embedded in M with S ∩ ∂M = ∂S. An essential disk in M is a properly embedded disk such that ∂S does not bound a disk in ∂M , i.e. the homotopy class of ∂S in π 1 (∂M ) is non-trivial. Proof. If K is unknotted, then it bounds a disk which is embedded in M . This disk can be intersected with
, and therefore is equivalent to K. This disk can be used to contract ∂S until it becomes a single triangle in M K . The first homology group of a torus, Z ⊕ Z, is canonically isomorphic to its fundamental group, and the statement about the homology class of [∂S] is a consequence.
We will use normal surface theory in the form described in Jaco and Rubinstein [18, Section 1] . A normal surface S in a triangulated compact 3-manifold M is a P L-surface whose intersection with each tetrahedron in M consists of a disjoint set of elementary disks. These are either triangles or quadrilaterals. A quadrilateral consists of two triangles glued together along an edge lying interior to the Within each tetrahedron of M there are only seven kinds of possible triangles or P L quadrilaterals, up to P L-isotopies that map the tetrahedron to itself. These elementary disks are labeled by the seven possible ways of partitioning the vertices of the tetrahedron into the two non-empty sets determined by cutting the tetrahedron along the triangle or quadrilateral. W. Haken observed that a normal surface is determined (up to isotopy, and in fact up to an even stricter equivalence called normal isotopy) by the number of pieces of each of the seven kinds of elementary disks that occur in each tetrahedron. * This can be described by a non-negative integer vector v = v(S) ∈ Z 7t , which gives the normal coordinates of S. He also showed that the set of allowable values v(S) for a normal surface S lies in a certain homogeneous rational cone C M in R 7t which we call the Haken normal cone.
, then Haken's normal cone is specified by a set of linear equations and inequalities of the form
The second set of equations expresses matching conditions which say that the number of edges on a common triangular face of two adjacent tetrahedra coming from regions in each of the tetrahedra must match. For each triangular face there are three types of edges (specified by a pair of edges on the triangle), which yield three matching conditions per face. Triangular faces in the boundary ∂M give no matching equations. The cone C M is rational because all equations (3.1), (3.2) have integer coefficients. We let
which is the set of integral vectors in the Haken normal cone C M . Haken defined a fundamental surface to be a normal surface S such that
Such a vector v(S)
is called an element of the minimal Hilbert basis H(C M ) of C M , using the terminology of integer programming; see Schrijver [27, Theorem 16.4] . * Haken's [10] treatment of normal surfaces was based on a formulation using cells. We follow an alternate development based on tetrahedra, as in Jaco and Rubinstein [18, Section 1] and Jaco and Tollefson [19] . [19, Corollary 6.4] , which establishes the stronger result that there exists such a disk that is a fundamental surface and is also a vertex surface, which means that v(S) lies on an extreme ray of Haken's normal cone C M .
Remark. This result applies in arbitrary 3-manifolds. The proof in [19] assumes compactness and irreducibility of M , but these hypotheses can be removed. A classical theorem of Alexander implies that knot complements in the 3-sphere are always irreducible.
Hass, Lagarias and Pippenger [12] give a simple bound for the complexity of any fundamental surface, whose proof we include for completeness. 
Proof. (1) Choose a maximal linearly independent subset of the matching condition equations (3.2). There will be 7t − d of them, where d = dim R (C M ). Any vertex ray is determined by adjoining to these equations d − 1 other binding inequality constraints
with the proviso that the resulting system have rank 7t − 1. These conditions yield a (7t − 1) × 7t integer matrix M of rank 7t − 1, and the vertex ray elements z = (z 1 , . . . , z 7t ) corresponding to M are the real solutions to Mz = 0.
In order to get a feasible vertex ray in C M , all non-zero coordinates z i of z must have positive sign.
At least one of the unit coordinate vectors e 1 , e 2 , . . . , e 7t must be linearly independent of the row space of M. Adjoin it as a first row to M and we obtain a full rank 7t × 7t integer matrixM
Consider the adjoint matrix adj(M) = det(M)M −1 , which has integer entries and w = 0 because e k , w = det(M) = 0. We bound the entries of w using Hadamard's inequality, which states for an m × m real matrix N that
in which n i 2 is the Euclidean length of the i th row n i of N. We apply this to equation (3.6) , and observe that each row of the (7t − 1)
has squared Euclidean length at most 4, because this is true for all row vectors in the system of equations (3.2) and for e k . Applied to equation (3.6) this gives
Now equation (3.6) shows that w ∈ Z 7t , and a vertex minimal solution v in the extreme ray is obtained by dividing w by the greatest common divisor of its elements, hence
be the vertex minimal solutions for the extreme rays. Each point in C can be expressed as a non-negative linear combination of the v (j) , as
If v is in the minimal Hilbert basis H(C) of the cone C, then 0 ≤ c j ≤ 1, for otherwise one has
and both v−v (j) and v (j) are non-zero integer vectors in C, which is a contradiction. Thus, any minimal Hilbert basis element v = (v 1 , . . . , v 7t ) of a simplicial cone satisfies
The Haken normal cone C M may not be simplicial, but we can partition it into a set of simplicial cones {C (k) m } each of whose extreme rays are extreme rays of C M itself. We have
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Thus all Hilbert basis elements of H(C M ) satisfy the bound (3.8) for Hilbert basis elements of H(C
A P L-embedded normal disk S can be used as a template to transform its boundary ∂S to a single triangle by a sequence of elementary moves, in such a way that all intermediate curves lie on the surface S. Proof. We will construct a sequence of w simple closed curves
where T is a triangle in S, and such that for 0 ≤ i ≤ w − 1:
(i) C i+1 is obtained from C i by at most two elementary moves; either a move of type (2 ) across a single triangle in S followed by a move of type (1 ) which removes the extra vertex created by the first move, or a move of type (1) followed by a move of type (2) across a single triangle in S. (ii) There is a triangulated disk S i contained in S which consists of w−i triangles, such that C i = ∂S i . The construction proceeds by eliminating triangles in S one at a time by a sequence of steps, each consisting of two elementary moves, in such a way as to preserve the property that each S j is a topological disk. We proceed by induction on j, with the base case j = 0 holding by hypothesis. For the induction step, we note that the only way that removing from S j a triangle that contains at least one edge of ∂S j can yield a surface S j+1 that is not a topological disk is by producing a vertex v that is a cut-point, i.e. v is visited twice in the curve ∂S j+1 . In that case v is a vertex of ∂S j , which implies that the triangle that is removed must have exactly one edge on ∂S j , and the pair of elementary moves pulls this edge across to the two edges of this triangle that are adjacent to v. We therefore proceed by first checking if S j has any triangle having two edges on ∂S j . If so, we remove this triangle to obtain S j+1 . If this cannot be done, then S j must contain an interior vertex, because a triangulated polygon that has no interior vertices and contains more than one triangle contains at least 2 triangles having two edges on the boundary. In this case there exists a triangle having one edge on the boundary which also has an interior vertex, and we can pull across this triangle to obtain S j+1 . This completes the induction step.
Putting all these results together yields: Proof. By Lemma 3.1 and Theorem 3.1 there exists an essential normal disk which is a fundamental surface for M K . The bound of Lemma 3.2 implies that this surface contains at most 7t 2 · 2 7t+2 < 2 8t+5 triangles and quadrilaterals. Since each quadrilateral consists of two triangles in the triangulation, we obtain the upper bound 2 8t+6 for the total number of triangles. The boundary ∂S contains at most two edges of each triangle, for a total of at most 2 8t+7 edges. Lemma 3.3 gives the stated bound on elementary moves.
Longitudes and cores of solid tori
In this section we bound the number of elementary moves needed to isotop a knot K in the 1-skeleton of a triangulated compact 3-manifold (M, ∂M ) across an annulus to a curve K 2 which is a longitude on the peripheral torus ∂R K of K. The main result of this section is the following: Remarks. The closed curve K 2 is embedded in ∂R K but generally does not lie in its 1-skeleton. In the special case that (M, ∂M ) is P L-homeomorphic to a triangulated convex polyhedron in R 3 , as occurs with a standard knot, the exponential bounds in (i), (ii) can be improved to bounds polynomial in t, as we indicate after the proof.
The proof of Theorem 4.1 proceeds in three steps. We first construct a closed curve α embedded in the 1-skeleton of R K which is parallel to the core K, i.e. its homology class [α] in H 1 (∂R K , Z) has intersection number ±1 with a meridian [µ] . We next observe that the homology class in
for some integer k. The second step is to bound |k| by an exponential function of t. The third step is to obtain K 2 from α by adding k twists to α near a fixed meridian µ. Given K 2 , we construct a triangulated annular surface S embedded in R K which lies in the 2-skeleton of R K except in a "collar" of one meridian disk, into which the k twists are inserted. All vertices of the triangulated annulus S lie in its boundary ∂S = K 2 ∪ K. Finally we obtain an isotopy giving the elementary move bound by pulling K across the triangles in S to K 2 .
We begin with some preliminary lemmas involving P L topology, which pin down some of the combinatorial structure of the regular neighborhood of K. Background for P L topology can be found in [17] or [26] . (2) See Figure 4 for a cross-sectional sketch of R K . The vertices w i with i odd were added during the second barycentric subdivision. Prior to the second subdivision, these vertices lay along interior points of edges of K. The two meridians associated to the edges [w i−1 , w i ] and [w i , w i+1 ] coincide for i odd. We will show they are disjoint for i even. For j = 0 (mod 4) the distance (minimal number of edges in the 1-skeleton) between w j and w j+4 in R K is four, since barycentric subdivision doubles distances between vertices. If µ j+2 ∩ µ j+3 = ∅, then this distance would be two, since µ j+2 has distance one from w j and µ j+4 has distance one from w j+4 . Similarly the distance between w j−1 and w j+1 in lk(w j ) is at least Proof. We construct α as the union of a sequence of arcs. For each odd i, 1 ≤ i ≤ s, we pick a path α i in the 1-skeleton of ∂R K that connects a vertex x i of µ i = µ i+1 to a vertex x i+1 on µ i+2 = µ i+3 , does not cross µ i−1 , and is shortest among all such paths. (We don't allow α i to cross µ i−1 to prevent it from running between the curves in the wrong direction.) We identify x s and x 0 as before. Note that α i is embedded and that it meets the collection of meridians only at its endpoints, since otherwise it can be shortened.
We then add for each odd i a connecting path β i on µ i from the endpoint x i−1 of α i−2 to the initial point x i of α i , and we set
The path α is a closed curve, and is embedded in ∂R K .
We construct the surface S 0 as follows. Each arc β i , 1 ≤ i ≤ s, i odd, lies on a meridian µ i = µ i+1 which is the boundary of a meridian disk D i+1 centered at the vertex w i+1 on K, and we cone β i to w i+1 along D i+1 , obtaining a subdisk of D i+1 . For each edge α i that lies on the boundary of the wedge around the vertex w i+1 , there is a unique triangle containing that edge and w i+1 . For fixed i, the union of these triangles forms a disk in R K meeting K at the point w i+1 , and ∂R K along β i ∪ α i , and whose boundary consists of β i ∪ α i together with two interior edges of R K , one running from the initial point x i−1 of β i to w i+1 and one running from the endpoint x i+1 of α i to w i+1 . Proof of Theorem 4.1. We wish to convert the closed curve α given in Lemma 4.2 to a longitude K 2 by adding "twists". The homology class [K 2 ] of a longitude K 2 satisfies
where µ is a fixed meridian. According to Lemma 4.1 we may choose µ to be µ 1 taken with a fixed orientation.
The number k represents the number of "twists" that we must insert in α to convert it to the knot K 2 . We proceed to bound k in terms of the number of tetrahedra t in the original manifold M . We may assume k = 0 for otherwise we are done. The value of k is uniquely determined by the requirement that the homology class
.) This is equivalent to the curve α + kµ being a boundary in the cycle group. The manifold M K contains at most 576t tetrahedra, since it is contained in the second barycentric subdivision, hence the number e of edges in M K is at most 3456t. The group of boundaries in the P L chain complex of M K is generated by the paths around all 2-simplices in M K , so the number f of a linearly independent generating set of these is at most 2304t. We choose fixed orientations for the edges and faces, and we can then describe a basis of generators for the group of boundaries using an e × f matrix M = (x 1 , . . . , x f ) T . The hypotheses imply that this linear system is solvable over Z for a unique value of k. Since we took a generating set of boundary faces, we have that M is of full column rank. The meridian class c µ is not in the column space of M since otherwise µ would bound a surface in M K and the unknotted curve K would represent an element of infinite order in H 1 (M, Z). It follows that there is at most one real value of k for which the system (4. 
in whichc α is the subset of c α determined by the same f + 1 rows. By Cramer's rule we have
We bound the terms in this expression using Hadamard's determinant bound (3.7). Each column ofM has at most three non-zero entries, each equal to ±1, except the last column, which does not appear in the f × f minorM[i, f + 1]. This yields the bound
which with (4.13) yields
We now describe how the "twists" are added to α and the surface S 0 of Lemma 4.2 to yield an annulus S with boundary a longitude. The disk D 2 cuts the core K at the point w 2 and stretches to the boundary. We add the twists to S 0 by modifying it inside the wedge around w 2 . Let A denote the surface consisting of the set of closed triangles in the wedge around w 2 which intersect the meridian µ 2 and which lie in ∂R K . Then A is an annulus, and we suppose it contains triangles. The first edge [x 1 , v] of α 1 has one endpoint on µ 1 = µ 2 and the other endpoint disjoint from µ 2 and on the other boundary component of A. We replace this edge with a path α of k edges which form a spiral going k times around A, starting at This construction produces the surface S, which is also an annulus and which also has its vertices either on K or ∂R K .
It is now straightforward to complete the proof. To prove (i) we observe that the number of triangles in S is at most the number of triangles in R K , which is at most 2304t, plus the number k of extra triangles added in the "twisting" step in constructing S from S 0 . A trivial bound for is given by the number of triangles in M which is at most 2304t. Combining this with (4.14) yields at most
To prove (ii) we pull the curve K across S to K 2 , across one triangle at a time. Since all vertices of S are in the boundary ∂S, a legal order of triangles to pull across is easily found. Counting two elementary moves per triangle, this yields at most 2 1858t+1 elementary moves in total.
Remark. In the special case that the manifold M is embedded in R 3 , as when we start with a standard knot complement, we can improve the bounds (i), (ii) of Theorem 4.1 to be polynomial in n. We sketch the idea. The knot K has at most 2304t edges in M . Using the embedding of the manifold M in R 3 we can find a regular projection of the knot to a knot diagram D, and this has O(n 2 )-crossings, as we show in Lemma 7.1 of §7. We can specify a curve α in the 1-skeleton of ∂R K which is parallel to the core K whose projection runs just to the right of K in the projection plane. Choose an orientation of K. A longitude of a knot K in R 3 is characterized by having a linking number with K equal to zero. The linking number is easily calculated from the projection. To each crossing of K is associated a sign, and the sum of these signs, called the writhe of the knot, gives the linking number of a curve with K. To ensure that the linking number is zero, we alter the construction of α. Near every overcrossing of K, we add a full twist of α around K. This twist is positive if the sign of the crossing is negative, and vice versa. The result is a knot K 2 in R 3 that lies on the peripheral torus whose linking number with K is zero. We can construct the associated annulus S in R K with boundary components K and K 2 as in the proof given for Theorem 4.1, and it has O(n 2 ) triangles. The key point in this argument is that the writhe is bounded in terms of the number of crossings of D, which is O(n 2 ), and this gives a bound k = O(n 2 ) in place of (4.14).
Isotopies of curves on a surface
In this section we examine isotopies between two P L curves α and β on an oriented triangulated surface F , and bound the number of elementary moves needed to move α to β. In the application, the surface will be the peripheral torus ∂R K of a knot K, α will be K 1 , the boundary of a normal disk, isotopic on ∂R K to β, and β will be a fixed longitudinal curve K 2 , parallel to K in its regular neighborhood R K . We derive the results of this section for a general surface, since no extra work is needed.
To carry out this analysis we introduce a new notion, that of a basic curve. A basic curve is similar to a normal curve in having only a finite number of possible types in each triangle, but is more general, in that it allows curves that double back in a triangle, entering and leaving through the same edge. Starting with an arbitrary curve and isotoping it to become normal is a global operation, whereas altering a curve to become basic can be done simplex by simplex. Basic curves are piecewise-linear, with each component in a triangle having two or three edges. They seem well suited to computational modeling of isotopies of curves on surfaces. However they are not determined completely by a specification of the number of each of the six possible arc types in each triangle, so they lack the close relation of normal curves to an integer vector.
Our main result in this section is the following. We now define the class of basic arcs and curves. Let E be a unit edge length equilateral triangle. Let E be an equilateral triangle homothetic to E with respect to its centroid, shrunk by a factor of 4; see Figure 9 . A basic arc in E falls into one of two types as in Figure 9 :
(a) Type 1. An arc running between the interiors of two distinct edges of E. This type of arc contains three edges. The first edge runs from the initial point towards the centroid of E until it meets E . The third edge runs from the final point of the arc towards the centroid of E until it meets E . The middle edge connects the outer two in E .
(b) Type 2. An arc with both of its endpoints on the interior of a single edge of E. This type of arc contains two edges, each of which makes an angle of 15
• with the edge. Basic arcs with non-linking endpoints are disjoint, since an arc of type 1 makes an angle larger than arctan(
• with an edge of E, and arcs of type 2 make a strictly smaller angle of 15
• with the edges of E. Now let E 1 be any triangle. A basic arc in E 1 is defined to be the image of a basic arc in E under a linear map from E to E 1 .
A basic curve in a triangulated surface is a curve which meets each triangle in a union of basic arcs.
Lemma 5.1. Two basic arcs in a triangle with distinct endpoints intersect in either zero or one point. A collection of disjoint embedded arcs in a triangle can be isotoped, without moving endpoints, to a collection of disjoint basic arcs.
Proof. Two basic arcs with distinct endpoints intersect if and only if their endpoints link on the boundary of the triangle. Any two families of disjoint embedded arcs in a triangle are isotopic, rel boundary. (See Figure 10.) A basic move of a basic curve in a triangulated surface is defined to be one of the following three types of curve isotopies, each of which produces a new basic curve, as in Figure 11 .
(a) Type 1. An isotopy that slides an arc of the curve that crosses an edge along that edge. This isotopy alters the curve in two adjacent triangles.
(b) Type 2. An isotopy that isotops an arc of the curve that crosses an edge of the triangulation across an adjacent vertex, and then isotops each arc of intersection with a triangle created or altered in this process to a basic arc.
(c) Type 3. An isotopy that slides an arc of the curve with both endpoints on one edge of a triangle E across the 2-gon it forms with that edge. This results in the joining of two arcs in an adjacent triangle E 2 . If the two arcs give a closed curve in E 2 , the closed curve is removed. Otherwise, this new arc is isotoped in E 2 to a basic arc. We count the number of elementary moves needed to make a basic move. We first look in a single triangle. Proof. We will count the number of required elementary moves in two cases. In each case we will isotop both α and β to an intermediate curve γ, which stays close to the boundary of the triangle. To construct γ, we first pick θ to be a positive angle which is small enough so that for any vertex v in α ∪ β which lies on an edge of the triangle and any vertex w in α ∪ β which does not lie on that edge, the angle between that edge and the edge vw is greater than θ.
Given an arc α i of α, we construct an arc γ i with the same endpoints, but with interior disjoint from α and containing just two edges. If α i runs between distinct edges of the triangle, then it cuts off a subdisk containing a single vertex of the triangle. Construct γ i to consist of two edges, each of which makes an angle of θ with the edges going towards that vertex. By definition of θ, γ i will be disjoint from the interiors of α i and β i . If α i has both endpoints on a single edge of the triangle, then it cuts off a subdisk containing no vertices and a segment of one edge. Construct γ i to consist of two edges contained in this disk, each of which makes an angle of θ with its edge. Again, γ i will be disjoint from the interiors of α i and β i .
(1) α and β are connected.
If α does not meet both sides of β, then the region between them can be triangulated with a + b − 2 triangles, which can be used to isotop α to β using a + b − 2 type 2 elementary moves. If they intersect, then each can be isotoped to the disjoint curve γ by using a and b type 2 elementary moves, respectively. It follows that we can always isotop α to β using at most a + b type 2 elementary moves, and 2(a + b) elementary moves of all types. (2) α and β are not connected.
We will construct an isotopy from α to β through embedded curves. Let a i be the number of edges of α i , so that n i=1 a i = a. Each arc α i of α cuts off a sub-disk of the triangle containing zero or one vertex. An arc of α is said to be outermost if it cuts off a sub-disk which contains no other arcs of α. Let α i be outermost. Then γ i is disjoint from all the other arcs in α ∪ β and meets α i ∪ β i only in their endpoints. The number of edges of γ i is two, and γ = γ i is embedded. We can isotop the outermost arc α i of α to the arc γ i with the same endpoints without ever introducing any self-intersections in α, since the other arcs of α lie on the other side of α i from γ i . This isotopy requires at most a i type 2 elementary moves, as in the previous case. We then repeat for an outermost arc α j among the collection of arcs of α − {α i }. This isotopy takes place between α j and γ j , and in particular never meets γ i . Repeating for all arcs in α, we can isotop the entire collection α to γ using at most n i=1 a i = a type 2 elementary moves. Similarly, we can isotop β to γ using at most b type 2 elementary moves. It follows that we can isotop α to β using at most a + b type 2 elementary moves.
The total number of elementary moves required in these isotopies is at most twice the number of type 2 elementary moves.
Define the length of a P L curve transverse to the 1-skeleton of a triangulated surface to be the number of edges of the 1-skeleton that it crosses, counted with multiplicity. If two basic curves are isotopic using only basic moves of type 1, we say that they are parallel basic curves. Proof. Each of α and β has length /2 and they intersect each triangle of the surface in pairs of parallel basic arcs. Using /2 basic moves of type 1, we can either move the intersections of α along each edge to coincide with the intersection of β with that edge, or move the intersections past to the other side of β.
Lemma 5.3. In a surface with a triangulation of degree at most
Let α and β be intersecting simple closed curves in general position on a surface F . A 2-gon is a subdisk of F whose boundary consists of one subarc of each of α and β. A 2-gon is innermost if no arc of α or β meets its interior. In some cases, it can be shown that curves with excess intersection create innermost 2-gons. This is analyzed in some generality in [14] . The following is Lemma 3.1 of [14] . Proof. The lift of α to the universal cover of F is a family of disjoint linesα, and the lift of β is a similar familyβ. Assume α and β intersect. Then a lift α 1 of α and a lift β 1 of β also intersect. The curves α 1 and β 1 are isotopic to disjoint lines by a lift of an isotopy making α and β disjoint. The fundamental group of F acts on the universal cover, and α 1 and β 1 have a common cyclic stabilizer. It follows that they intersect infinitely often. An arc of each between adjacent crossing points cuts off a 2-gon in the universal cover. A finite number of arcs ofα ∪β meet this 2-gon. Each such arc is disjoint from eitherα orβ, so that it cuts off a smaller 2-gon inside the previous one. We can pass to an innermost 2-gon whose interior meets no arc ofα ∪β. This 2-gon is disjoint from any of its translates, and must project 1-1 down to F under the covering projection. Accordingly, its image in F is an innermost 2-gon.
Recall that the length of a curve is the number of edges it crosses. Lemma 5.6. Let F be an orientable triangulated surface with u triangles, and let α and β be isotopic simple basic curves on F intersecting transversely. Let l be the length of α ∪ β, and let V be the maximal degree of a vertex in F . There is an isotopy carrying β to α via no more than l 4 uV basic moves.
Proof. We treat cases. Note that V ≥ 3, l ≥ 2. Case 1: α and β are disjoint. Then α and β bound a subsurface of F homeomorphic to an annulus. We will perform a series of basic moves which isotop the curves to coincide.
The triangulation of F induces a cellulation of the annulus. The cells are subdisks of triangles, bounded by arcs in α ∪ β and a subset of the 1-skeleton of F . If there are any vertices of F in this cellulation, we can slide α or β over a vertex by a basic move of type 2. Repeating at most u times, we eliminate all vertices in the annulus. The length of α ∪ β is increased by at most V − 2 each time we do a basic move, so the final curves have total length at most l + u(V − 2) = l + uV − 2u.
The annulus between α and β is now cut by the edges of F into a collection of cells. Since α and β are disjoint, and each cell boundary contains an edge lying on the 1-skeleton between each edge lying on α ∪ β, all cells are even sided. An Euler characteristic calculation shows that either all cells are 4-gons, or there is a 2-gon cell in the annulus, bounded by a basic arc of type 2 and an arc on an edge of the triangulation.
If there is a cell which is a 2-gon, we can perform a basic move of type 3 which slides an arc of α or β across that 2-gon. This decreases the length of α ∪ β by two. After repeating at most (l + uV − 2u)/2 times, we eliminate all 2-gon cells from the annulus, and arrive at a cellulation in which all cells are 4-gons. When all cells are 4-gons, the two boundary components of the annulus are parallel basic curves, each of length at most (l + uV − 2u)/2. Using at most (l + uV − 2u)/2 basic moves of type 1, we can make the two curves coincide.
The total number of basic moves required in the three steps above is bounded by Proof. The required number of basic moves is at most l 4 uV , and each basic move requires at most 14V elementary moves, so the total number of elementary moves required is less than 14l 4 uV 2 . We know V ≤ u so that 14l 4 u 3 gives an upper bound on the number of elementary moves.
We now give the proof of the main result of this section.
Proof of Theorem 5.1. We begin by isotoping α to a basic curve. First we perturb α to miss the zero-skeleton of the triangulation. There are at most u vertices, and each has at most V edges coming into it, where V is the maximal degree of the triangulation of the surface. We can perturb α near any vertex which it passes through to a new P L curve that crosses at most V/2 edges near that vertex. This requires a total of at most u(V/2 + 1) type 2 elementary moves, and uV + 2 elementary moves of both types. The number of edges on the curve has now been increased to at most s + u(V/2 + 1) < s + uV .
Next we isotop the intersection of α with each triangle to a union of basic arcs. This can increase the number of edges by at most a factor of three to 3(s + uV ) and requires less than 4(s + U V ) elementary moves by Lemma 5.2. We can do similar moves on β, resulting in new curves α and β which are transversely intersecting basic curves with a total of at most 6(s + uV ) edges. Note that the length of a basic curve is between one third and one half of the number of edges it contains, therefore α ∪ β has length at most 3(s + uV ). We now apply Lemma 5.7, isotoping the curves together using at most 14 [3( Remark. The assumption K ⊆ int(M ) was used to allow the peripheral torus R K to be constructed by two barycentric subdivisions so that ∂R K is disjoint from ∂M . For the general case that K ⊆ M , we could proceed by barycentrically subdividing M twice, then isotoping K off the boundary ∂M to a "parallel" knot K contained strictly in the interior of M , using O(t) elementary moves. Now Theorem 1.2 applies to K in (M , ∂M ).
Reidemeister moves and elementary moves in R 3
The remainder of the paper is concerned with 3-manifolds embedded in R 3 , and is devoted to proving the Reidemeister move bound of Theorem 1.1.
We outline the proof of Theorem 1.1. We have a knot diagram D with n vertices. We use it to construct a triangulated P L manifold M embedded in R 3 which contains a knot K in its 1-skeleton whose projection on the xy-plane in R 3 is the knot diagram D. In §8 we show that such a manifold M can be constructed using O(n) tetrahedra. Now Theorem 1.2 shows that we can isotop K to a trivial knot using 2 c3n elementary moves. We project these elementary moves down onto the xy-plane and obtain a sequence of Reidemeister moves. The proof is completed by bounding the number of Reidemeister moves in terms of elementary moves, which we do below.
In the rest of this section we describe Reidemeister moves and relate them to elementary moves. We recall basic facts about knot and link diagrams.
A projection of a link in R 3 into a plane is regular if all crossings are in general position, and at most 2 edges intersect the pre-image of any point. Corresponding to a regular projection of a link is a link diagram. This is a labeled planar graph having the following properties: Proof. The number of vertices |L| is at least as large as the number of distinct edges it contains. Since edges project to edges, each pair of edges produces at most one crossing. There are less than |L| 2 pairs. Furthermore edges that project into different connected components of |D| cannot produce any crossings. Thus the number of non-intersecting pairs of edges is at least #(components of D) − 1, so (7.18) follows.
The bound (7.18 ) is the correct order of magnitude, because one can easily construct a sequence of knots K with |K|→∞, which have the property that |D| > Reidemeister moves are local moves on link diagrams that are analogous to elementary moves. They convert a link diagram D to another link diagram D by a local change in its structure. For unoriented links there are three kinds of Reidemeister moves, examples of which are pictured in Figure 13 ; see one of [21, p. 48] , [1] , [6] , [25] . (For oriented links there are more Reidemeister moves; see Wu [33] 
Thus we obtain
Applying Lemma 7.2 to each L i separately yields the upper bound 2k(n+
Triangulation of knot complements in R 3
In this section we construct a triangulated 3-manifold M K which is a knot complement in a ball embedded in R 3 . That is,
, in which R K is an open regular neighborhood of the knot K, B is an open ball containing the point at infinity in its interior, andR K ∩B = ∅. The manifold M K has boundary ∂M K = ∂R K ∪ ∂B which consists of two connected components, which are topologically a 2-sphere and a torus. As in §2, we call such a manifold M K a truncated knot complement.
We carry out this construction more generally for link diagrams, as it requires no extra work. Given a link diagram L with crossing measure n, we construct a triangulated manifold M in R 3 which contains O(n) tetrahedra and has a link L in its 1-skeleton which has a regular projection that gives the link diagram L. Proof. The link diagram L comes with a topological planar embedding which determines the faces. We begin by adding extra vertices to L. To each edge or non-isolated loop we add two new vertices of degree 2, which splits it into three edges. To each isolated loop we add three new vertices of degree 2, making it an isolated triangle. The resulting labeled graph G is still planar, has no loops or multiple edges, and has at most 5n vertices. (The worst case consists of several disjoint single crossing projections.) Let m denote the number of vertices of G, and call the m − n vertices added special vertices. Note that each vertex of the original graph has associated to it four distinct special vertices. Using the topological planar embedding of G, we next add extra edges to triangulate each face of G, obtaining a topologically embedded triangulated planar graph G . The graph G has m vertices and 2m − 4 bounded triangular faces, and the unbounded face is also a triangle. We next encase the graph G in a triangulated planar graph H with m + 3 vertices and 2m + 2 bounded triangular faces, by framing the outside triangular face with a larger triangle and then adding 6 edges to subdivide the resulting concentric region into 6 triangles, obtaining G . See Figure 14 .
Our next goal is to replace the topological embedding of G in the plane with a straight-line embedding. In 1952 Fary showed that straight-line embeddings always exist, and a recent result of de Fraysseix, Pach and Pollack [7] states that the vertices can be chosen to lie in a small rectangular grid of integer lattice points. Their results imply that there exists a planar embedding of H whose vertices V (H ) lie in the plane z = −1, are contained in the grid {(x, y, −1) : 0 ≤ x, y ≤ 10n − 1 ; x, y ∈ Z}, and all edges of the graph H are straight line segments. Figure 14 . Triangulating a knot projection.
Next we make an identical copy H of H on the plane z = 1 with H = H + (0, 0, 2), and vertex set V (H ) = V (H ) + (0, 0, 2). We now consider the polyhedron P which is the convex hull of V (H ) and V (H ). It is a triangular prism, because the outside face of H is a triangle. We add m 1 vertical edges connecting each vertex v ∈ V (H ) to its copy v + (0, 0, 2) ∈ V (H ). Let E denote these edges, together with all the edges in H and H . Using these edges, the polyhedron P decomposes into 2m + 2 triangular prisms {Q j : 1 ≤ j ≤ 2m − 4}, with the top and bottom faces of each being congruent triangular faces of H and H .
We next triangulate P by dissecting each of the 2m + 2 triangular prisms into 14 tetrahedra, as follows. We subdivide each vertical rectangular face into four triangles using its diagonals. Then we cone each rectangular face to the centroid of P , and note that the centroid lies in the plane z = 0. We add four new vertices to each prism, one on each rectangular face and one in the center. The point of this subdivision is that the triangulations of adjacent prisms are compatible. Note also that all new vertices added lie in the lattice 1 3 Z 3 . Let E denote all the edges in the union of these triangulated prisms. We identify the link diagram G with the graph G embedded in H . We next observe that there is a polygonal link L embedded in the edge set E whose projection is the link diagram L. We insist that any edge in D that runs to an undercrossing have its vertex which is an undercrossing be in the plane z = −1, while any edge that runs to an overcrossing have the overcrossing vertex in the plane z = 1. Each such edge goes from one of the n original vertices of L to a special vertex adjacent to that vertex. Edges that do not meet vertices labeled overcrossing or undercrossing are assigned to the z = −1 plane. The edge corresponding to an edge running from the z = −1 to the z = 1 plane is contained in one of the diagonals added to a prism. The resulting embedding L in P has a regular orthogonal projection onto the (x, y)-plane, since no edges are vertical and only transverse double points occur as singularities in the projection. Note that no edge of L touches the outer triangle of H because all edges project to the graph G contained strictly inside H . This will be important for property (iii).
The knot edges lie in the upper and lower boundary of P , but do not touch its sides. To have them not touch the boundary we take two additional copies of P and glue one to its top, along the plane z = 1, and one to its bottom, along the plane z = −1. The knot now lies entirely in the interior of the resulting polyhedron P . All the vertices added in this construction lie in 3 . The total number of tetrahedra used in triangulating P is 84(m + 1), which is at most 420(n + 1), or at most 840n for n ≥ 1. Now triple all coordinates (x, y, z) → (3x, 3y, 3z) to obtain a triangulated polytope P = 3P with integer lattice point vertices, with a triangulation that satisfies (i)-(iii).
Remark. (1) The construction in Theorem 8.1 can be effectively computed in time O(n log n) using the Hopcroft-Tarjan planarity algorithms [16] and the embedding algorithm of de Fraysseix, Pach and Pollack [7, Section 4] .
(2) One can ask whether a polygonal knot K in R 3 that consists of n line segments can be embedded in the 1-skeleton of some triangulated polyhedron that uses O(n) tetrahedra. We do not know if this can always be done. There exist polygonal knots whose planar projections in any direction have at least Ω(n 2 ) crossings. Avis and El Gindy [3] showed that a set of n points in general position in R 3 can be embedded as vertices of a triangulation of their convex hull using O(n) tetrahedra, but that in the general case Ω(n 2 ) tetrahedra are sometimes needed.
9. Proof of Theorem 1.1
We combine the earlier results to prove Theorem 1.1 with an explicit bound on the number of Reidemeister moves required to isotop an unknot to the trivial projection. Reidemeister moves, since K contains at most 6 · 840n line segments. The bound (9.21) yields the desired bound of the form 2 c1n for an explicit constant c 1 . Using the value c 2 = 10 7 from the proof of Theorem 1.2, one finds that c 1 = 10 11 suffices.
